An integrable semi-discretization of complex and multi-component coupled dispersionless systems via Lax pairs is presented. A Lax pair is proposed for the complex sdCD system. We derive the Lax pair for the multi-component sdCD system through generalizing the 2 × 2 Lax matrices to the case of 2 N × 2 N Lax matrices. A Darboux transformation (DT) is applied to the complex and multi-component sdCD systems and is used to compute soliton solutions of the systems. It is also shown that the soliton solutions of the semi-discrete systems reduce to the continuous systems by applying continuum limit.
Introduction
Integrable discrete nonlinear equations defined on a lattice points rather than a continuum space-time, play an important role in the field of applied mathematics and nonlinear science. Generically, they admit many solutions known as soliton solutions. Due to solitonic behavior, integrable discrete systems become very compelling from a physical point of view. Such systems are not only useful in the study of numerical scheme but they also serve as physical models in which space-coordinates are defined on lattice points and time is taken as continuous. Examples are found in various disciplines of science such as nonlinear lattices, plasma physics, statistical mechanics and optical fibers etc. [1] - [7] .
In the last couple of decades, dispersionless or quasiclassical limits of integrable equations and hierarchies have received much attention by researchers since they arise in the analysis of several problems in applied mathematics and physics from the theory of quantum fields and conformal maps on the complex plane [8] - [17] . In [15] , some authors proposed a set of coupled dispersionless (CD) integrable system given by ∂ x ∂ t q + 2∂ x rr = 0, (1.1)
where q ≡ q(x, t) and r ≡ r(x, t) are real functions of x and t. The system (1.1)-(1.2) is called dispersionless because of not containing the dispersion term rather than arising as a semi-classical limit. A generalized version of the CD system was introduced by the same authors [16] and is given by (1.7)
For s =r (wherer represent complex conjugate of r), we get the complex CD system [17] .
Physically CD system describes the interaction of current-fed string in a certain external magnetic field. CD system and complex CD system have been shown to be gauge equivalent to the sine-Gordon equation and Pohlmeyer-Lund-Regge model [18] , [19] . Most recently, the link of the motion of space curves to the real and complex CD system and to the real and complex short-pulse equations has been established via hodograph transformation. Further, the connection is shown to be made clear between the real (complex) CD system and real (complex) short-pulse equations and also with the two-component KadomtsewPetviashvili (KP) hierarchy [20] . In past years, the CD and complex CD systems, their generalization to a system based on non-abelian Lie group and its non-commutative extension have been studied and proved to be completely solvable by inverse scattering method, Darboux transformation and with the help of other methods of generating solutions [15] - [17] , [21] - [24] .
Along with continuous coupled dispersionless system, its discrete version also preserves the integrability of the system. In [25] - [26] , Vinet and Yu presented a discretization of the CD and generalized CD system and obtained soliton solutions via Hirota bilinear method.
In [27] - [29] , Darboux transformations are used to discretize the CD system and their generalizations. Meanwhile the behavior of soliton solutions have also been investigated. In the present work, we present a semi-discretization of the complex CD system via Lax pair. We shall also study an integrable semi-discritization of multi-component generalization of the complex CD system
The multi-component complex CD system (1.8)-(1.9) proposed in [30] and the soliton solutions were investigated by means of Hirota bilinear method.
The paper is structured as follows. In section 2, we present an integrable semi-discretization of the complex CD system via Lax representation. We then extend the 2 × 2 Lax matrices for the case of 2 N × 2 N Lax matrices and obtain a multi-component generalization of sdCD system. We also reduce both complex sdCD and multi-component sdCD system to their respective continuous counterparts by applying continuum limit. In section 3, we define Darboux transformation (DT) for the multi-component complex sdCD system and obtain multisoliton solutions. Further, we present quasideterminant solutions of the multi-component sdCD system. In section 4, we present soliton solutions for the complex and 2-component complex sdCD system.
Lax pair representation
We start with the Lax pair of the complex sdCD system which is a set of differentialdifference equations where space is taken as one dimensional lattice and time is taken as continuous given by
where n represents discrete index andr n represents the complex conjugate of r n and λ is a spectral parameter. The zero-curvature condition
The Lax pair for the multi-component generalization of the complex sdCD system is obtained by extending the 2 × 2 Lax pair matrices to the case of 2 N × 2 N Lax matrices. The
Lax pair for the multi-component sdCD system is expressed as 6) where J , U n , V n and V 0 are the 2 N × 2 N block matrices given by
where Q n , R n and S n = R † n (here † in the superscript denotes Hermitian conjugation) are the 2 N −1 × 2 N −1 block matrices and O, I are the 2 N −1 × 2 N −1 null and unit matrices, respectively. The compatibility condition of the Lax pair (2.5)-(2.6) gives the matrix complex sdCD system
By substituting the expression of U n and V n from (2.7) into (2.8), we obtain
In the case, where we define the matrix variables Q n , R n in terms of scalar dependent variables q n , r n , i.e. Q n ≡ q n , R n ≡ r n , one can reduce the matrix complex sdCD system (2.9)-(2.10) to the complex sdCD system (2.3)-(2.4), and when the matrices Q n and R n take the form
we get multi-component complex sdCD system. By substituting the expressions of (2.11)-(2.13) into the set of equations (2.9)-(2.10), we obtain respectively, the 2-component, 3-component and 4-component complex sdCD system. The 2-component complex sdCD is
The 3-component complex sdCD system is
Similarly, N-component complex sdCD system is given by
In general, the expressions of the 2 20) where
square block matrices, and R
n and R (2) n are given by
where
n ) † are all square block matrices which take values in the following form 
For N = 1, the set of equations (2.23)-(2.24) reduce to the usual complex CD system
Darboux transformation
Darboux transformation (DT) is one of solution generating technique in soliton theory that allow us to express the solutions for a given integrable equation in simple explicit form [32] - [37] . In this section, we construct the DT of the multi-component complex sdCD system (2.9)-(2.10).
In what follows, we shall apply a DT to the solutions of the Lax pair and the solutions of the multi-component complex sdCD system and then express in terms of quasideterminents. Let us define a new solution Ψ [1] n to the Lax pair (2.5)-(2.6) which is related to the old solution Ψ n by means of 2 N × 2 N matrix D n (t; λ) called the Darboux matrix. The one-fold DT on the solution to the Lax pair is given by
In the present case, I is a 2 N × 2 N unit matrix and Ξ n is an invertible 2 N × 2 N matrix, to be determined. The new solution Ψ [1] n satisfies the same Lax pair i.e.
By substituting the expression of Ψ [1] n from (3.1) into Lax pair equations (3.2)-(3.3), we obtain DT on the matrices U n , V n , J and V 0
5)
with the conditions on the matrix Ξ n arising due to the Darboux covariance as follows
Now we construct the matrix Ξ n in terms of solutions to the Lax pair (2.5)-(2.6). For this we proceed as follows:
Define 2 N distinct constant parameters λ 1 , λ 2 , ..., λ 2 N such that for each λ j we have a peculiar column vector solution f (j) n = Ψ(λ j ) |e j (where |e j is a constant column vector) to the Lax pair (2.5)-(2.6). For λ = λ j (j = 1, 2, ..., 2 N ), we write
Define 2 N × 2 N constant eigenvalue matrix with entries λ j i.e. Λ = diag(λ 1 , ..., λ 2 N ), and 11) so that the Lax pair (2.5)-(2.6) with the particular matrix F n as solution, can be written as
Further we check that the choice of the matrix Ξ n = F n ΛF −1 n satisfy the conditions (3.7)-(3.8) as imposed by Darboux covariance. This can be checked by a direct computation as
So the conditions (3.7) and (3.8) are satisfied. Hence we have established that one-fold DT to the solutions of the Lax pair and the solutions of the multi-component complex sdCD system can be expressed as
The one-fold DT Ψ [1] n and U [1] n can be written in terms of quasideterminants 3 and then by K-times iteration process, one can obtain the K-fold DT by using the properties of quaisdeterminants. For the Darboux matrix D n (t; λ) = λI − F n ΛF −1 n , equations (3.16) and (3.17) can be expressed as
For Λ = Λ k (k = 1, 2, ..., K), one can write one-fold DT Ψ [1] n to K-fold DT on the solution by an iteration process, so that the K-fold DT Ψ [K] n can be expressed as
Similarly the K-fold DT on the matrix U n is
21)
It appears to be more convenient to express the equation (3.21) in the following way
where 2
n is a quasiedeterminant given by
i.e.
The matrix elements of the matrix Θ
[K]
n can be computed as
where ( F n ) i indicates the i-th row of F n and (E (K) ) j represents j-th column of E (K) respectively. From the set of equations (3.22)-(3.25) one can compute explicit expressions of the DT on the scalar solutions of the complex and multi-component sdCD systems.
Soliton solutions
In this section, we consider the complex and 2-component complex sdCD system respectively and obtain one, two and three-soliton solutions. In order to generate soliton solutions, let us take matrix valued seed solution as
where ̺ is a non-zero real constant, so the matrix valued solution Ψ n to the Lax pair (2.5)-(2.6) can be written as
By using properties of quasideterminants in the Darboux matrix, we obtain one-, two-and three-fold DT on the solutions of the complex and 2-component complex sdCD systems in terms of ratios of simple determinants.
Complex sdCD system
For a complex sdCD system, we have Q n = q n and R n = r n the matrix U n takes the form
3)
The matrix F n for the complex sdCD system has the form 4) so that particular matrix solutions F n, k to the Lax pair (2.1)-(2.2) at the eigenvalue matrices Λ k are written as
And the 2 × 2 matrix Θ
In the present case, E (K) are 2K × 2 and F n , F n are the 2 × 2K, 2K × 2K matrices respectively. From the equations (3.22) and (4.3) with (4.6), the K-fold DT on the scalar fields q n and r n are given by
For one soliton K = 1, we have 9) so that the matrices F n and F n
.
(4.10)
Therefore, the matrix element Θ (1) n, 11 in the matrix Θ (1) n can be computed as
Let us take f (2) n, 22 =f
n, 21 and λ 2 =λ 1 , we obtain
, we have the particular matrix solution F n, 1 to the Lax pair (2.1)-(2.2) as
(1) n, 11
Now substituting equation (4.14) into equations (4.7)-(4.8) with (4.12)-(4.13) yields the one-soliton solution of the complex sdCD system, given by
The plot of the solutions is depicted in figure 1 − For two soliton, we take the matrices E (2) , F n, 1 , F n, 2 , Λ 1 and Λ 2 to be 18) so that the matrices F n and F n become
The two-fold DT on the scalar fields q n and r n is given by 
and λ 2l =λ 2l−1 where l = 1, 2 in equations (4.19) and (4.20) to obtain two-soliton solutions of the complex sdCD system. These solutions are plotted in figure 2 To get three-soliton solution, we take three particular matrix solutions F n, k with the eigenvalue matrices Λ k (k = 1, 2, 3). With these particular solutions, we obtain three soliton solutions depicted in figure 3 Now, we would like to reduce the semi-discrete solutions of complex sdCD system to those of continuous solutions of the complex CD system by applying continuum limit. For this, replace ̺ → δ̺ and send δ to zero, then equations (4.15)-(4.16) respectively reduce to the form
where 
2-component complex sdCD system
For 2-component complex sdCD system, the 4 × 4 matrix U n takes the form
The matrix Θ
In this case, E (K) are 4K × 4 and F n , F n are the 4 × 4K, 4K × 4K matrices respectively.
From equations (3.22) and (4.26)-(4.27), the K-fold DT on the solutions of the 2-component complex sdCD system is given by
The matrix valued solution Ψ n to the Lax pair of the 2-component sdCD system is written as
To construct matrix F n from a matrix solution Ψ n , let us take columns i.e.,
.., K, we have different particular matrix solutions as 33) where
t . To calculate soliton solutions explicitly of the 2-component sdCD system, we proceed as follows. For one soliton K = 1, the matrices E (1) , Λ 1 , F n , F n are given by
By substituting (4.34) in (4.28), the one-fold DT q n [1] can be calculated as And the solutions obtained in equations (4.37)-(4.39) in the continuum limit can be written as q [1] = q −i λ 1R +i tanh a + ln √ ǫ , (4.40) 
Concluding remarks
In this paper, we have studied integrable discretization of complex and multi-component coupled dispersionless system. By writing down the Lax pair of the systems, we have computed one-, two-and three-soliton solutions of complex and 2-component complex coupled dispersionless system. We have also shown that, the solutions obtained for the complex and 2-component complex sdCD system reduced to the solutions of the respective continuous complex and 2-component complex CD system by applying continuum limit. The study can be further extended by investigating multicomponent and matrix generalizations of related integrable systems. An important example of such systems is the short pulse equation. We shall address these research problems in forthcoming work.
